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The spin up of a stratified fluid
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The process by which a stratified, viscous fluid adjusts to small changes in the
rotation rate of its container is studied. This paper treats the cases of homogene-
ous layers of different densities, as well as fluids which are continuously stratified.

It isshown that in several important cases the spin-up process, especiallyin the
continuously stratified case, has a time scale which is very much longer than for
homogeneous fluids, and that diffusion is the governing mechanism in the adjust-
ment process.

Inall casesthe detailed problem, including a discussion of the side-wall boundary
layers, is presented. Some novel features of the side-wall layers are discussed for
the continuously stratified fluids, while in one case it is shown that no boundary
layers appear during the transient approach to equilibrium.

1. Introduction

When a cylindrical vessel filled with a homogeneous, viscous, incompressible
fluid rotating at a constant angular velocity Q has its rotation rate slightly
altered, the ensuing transient process by which the fluid adjusts to the new
angular velocity of the container has been described by Greenspan & Howard
(1963). They showed that the time taken for the fluid to adjust to the new state
is (L2/vQ)}, where L is a characteristic dimension parallel to the axis of rotation
and v the kinematic viscosity of the fluid. The adjustment process is controlled
by the suction of the fluid into Ekman boundary layers on the horizontal surfaces
of the container, and the resulting secondary motion ‘spins up’ the fluid by
vortex tube stretching parallel to the rotation axis.

A question of great interest is the effect that stratification has on this process,
considering that the stratification could inhibit the secondary flow and alter the
spin-up dynamics. This problem is clearly centfral to an understanding of the
dissipative mechanism for atmospheric and oceanic motions of a large scale,
where rotational effects are dominant.

This problem was studied by Holton (1965) and the reader is referred to his
papers for an interesting discussion of the geophysical significance of this prob-
lem. Holton found that stratification could play an essential rolein the ‘spin-up’
problem and he considered several problems in detail. He did not, however, con-
sider in detail the role of the vertical containing boundaries of the fluid in his
discussion of the spin up of contained fluids in the laboratory.

It is the purpose of this paper to reconsider this problem and show that a
consideration of the side-wall boundary is an essential ingredient in a complete
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theory of the spin up of a contained stratified fluid. The analysis will centre on the
dynamics of two layers of immiscible fluids and, further, it will be shown that
there is an essential difference between the layer model and the problem of the
spin up of a continuously stratified fluid. Although the analysis given here for
contained fluids differs in certain important aspects from Holton’s, his conclu-
sions for the geophysically interesting case of the dissipation of motions in an
unbounded fluid are unaffected.

2. Formulation

Consider a right circular cylinder of radius r, containing two layers of homo-
geneous immiscible fluid (see figure 1). The lighter layer with density p, lies above
a denser layer with a density p, (0, > p;). The thickness of each layer, H; and H,,
is assumed constant in the absence of motion relative to a co-ordinate system

Q

-—
o

Ficore 1. The configuration of the two-layer system.

rotating with an angular velocity Q. This assertion, which ignores the centrifugal
curvature of the interface between the fluids, will be valid ;whenever
Q¥2jgH, <1 (n=1,2),
a condition which will be assumed throughout this analysis.
The equations of motion describing the time-dependent motion of the fluid are

0 V.
—;ltﬂ+qn.an+2l?an=_ﬁ+£v2qn—gﬁ, (2.1)
n n

V.q,=0. (2.2)
The subscript n = 1 refers to the upper layer while n = 2 refers to the lower.
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The boundary and initial conditions corresponding to an impulsive change
€Q, (¢ € 1), in the magnitude of the cylinder’s angular velocity are q,, = eQE x r
for ¢ < 0 and q,, = 0 on the solid boundaries. The unit vector % is parallel to the
rotation axis. At the interface, ky(x, y,t), where continuity of velocity and stress
is assumed, we have, in addition, the kinematical condition

a,.k = dh,/di.
The following dimensionless variables, denoted by asterisks, are introduced :
T =7ly, t=Q 1B, q=eryQqy,
D1 = prg(H —2)+ p1€Q7 Py,
P2 = p1gH +pyg(Hy —2) + p Q2275 Poy,
hy = Hy[1 + (eQ2r3/g" Hy)ns),
where 9" = (p—p)) glp; and glg<1,
H=H+H, and E =v/Qr}

The density difference between the two layers is taken to be so slight that the
kinematic viscosity is assumed to be the same in both layers of fluid.
If the upper surface, &, is a free surface, its position is given as

h = H[1+ (eQ*r3n/gH)]
while the kinematic condition (since Q%r2/gH <€ 1) onz = his
q,.k=0.

In terms of these variables the linearized equations of motion become (after
dropping the asterisks)

Eoq, oty +2kx q, = —Vp,+EViq, (n=1,2), (2.3)
V.q, =0, (2.4)
with the linearized boundary and initial conditions
d, = 0 on rigid boundaries, (2.5)
q,.k=E} Q;fﬂa_a’? 2 = Hylr,, (2.6)
q,=kxr for t<0. (2.7)

The conditions of continuity of stress and velocity at the interface will be
discussed more fully later. Since the problem has axial symmetry all fields will be
functions only of r, z and . The velocity in each layer, q,,, has components «,, v,
w,, in the radial, circumferential and vertical directions.

3. The technique of solution

The solution of the problem will be found in the case when £ < 1, which obtains
in most geophysically interesting cases, and which is easily reproduced in the
laboratory. The solution in that case can be found by perturbation methods.

30 Fluid Mech. 28
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The solution in the interior of the fluid, removed from any boundary-layer
region, can be written
v, = 0,94+ EBto,®+ ..,

U, = B3 u®+ ..,
w, = Bw®+ ..., (3.1)
Py = DD+ EPD+ .,
7y = 7O+ By + ...
Substitution of (3.1) into (2.1) yields from the O(1) equations:
20,9 = op,@/or, (3.2)
0 = 0p, 0|0z, (3.3)
which state that the O(1) circumferential velocity is geostrophic and independent

of z in the interior.
The O(E?) problem yields the equations

0

—p O — (1)
atvn 2u, 1), (3.4)
1
_i( i (1))+ 9 W @ = 0, (3.5)
010 0
— = — (rp,® D,
or Erieg V) = 26 w, (3.6)

(8.6) states that the rate of change of the O(1) vorticity is provided by vortex
tube stretching parallel to the axis of rotation.

To complete the problem it is necessary to consider the Ekman layers which
are needed to satisfy (2.5) on the rigid horizontal bounding surfaces. It can be
shown (Greenspan & Howard 1963) that the effect of the layers (which have a
non-dimensional thickness O(&%)) is to specify the vertical interior velocity at the
rigid horizontal boundaries. These are

(1) = %_a_ (rpz(o)) on z=0, (3.7)
190 H
w) = = (rp{® ==
and wi 35 (rv{®) on =z v (3.8)

if the upper boundary is a rigid wall. If the upper surface is free, (3.8) is replaced
by
wP=0 on z=Hr, (3.9)

Similarly, Ekman layers at z = H,[r, are required to satisfy the conditions of
continuity of velocity and stress. The technique of matching is substantially the
gsame as at a solid boundary and with (2.6) the conditions on the interior flow
become
Qzr, g

g o ‘o dror (
Q2ryon® 10

g ot = 4ror

wfp = o o) on 2= Hyjr,

(3.10)

wgh = (@ —2v0) on z= Hyr,
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The O(1) velocity is independent of z so that (3.6) may conveniently be verti-
cally integrated in each layer to yield (using (3.2), (3.7), (3.8) and (3.10))

a%[DszO)"‘le(Pém—‘me)] = — I, [D?p{ + 1D%(p®— p)], (3.11a)

6% [D2p{O+ ko F(p® — pf®)] = — ky[D2pO+ LD¥p®—p{®)],  (3.11b)

where k,=rH, (n=1,2),
F = 4Q2%r /g,
lo 0
D2==-_—r .
ror or

In deriving (3.11a, b) use has been made of the relation

74" = pi® —p{®,

which is derivable from (3.3) and the matching condition of the total pressure at
z = H,|r,. If the upper surface is free at z = H/r, it is only necessary to change
(3.11a) by deleting the first term in the bracket on the right-hand side.

To complete the problem it is necessary to consider the side-wall boundary
layers required to satisfy (2.5). For the layer problem considered here, the struc-
ture of the side-wall boundary layers is essentially the same as for the homogene-
ous problem. There is a layer existing in the region (1—r) = O(£%) which brings
the normal and circumferential velocities to rest, and a thinner layer in the
region (1 —7) = O(E?) required to bring to rest the vertical velocity pumped out
of the lower Ekman layer by the vertical Et layer (see Greenspan & Howard
1963).

The vertical velocity within the side-wall boundary layers is O(E%). Thus, to-
gether with (2.6), this implies that the interface acts as a rigid lid preventing fluid
from penetrating from one layer to the other within the side-wall boundary
layer. This consideration is of paramount importance in understanding the rela-
tionship between the finite-layer models and the continuously stratified case. It
is also possible to show by detailed consideration of the side-wall boundary layers
that no other condition is imposed by the boundary layers on the interior flow. We
shall see that this is true only for the problem involving the immiscible layers of
fluid.

The correct condition on p,® on 7 = 1 can be derived as follows. Since the
motion field is axially symmetric it is necessary to explicitly pose the integral
constraint that the volume of each layer of fluid is conserved. In terms of our non-
dimensional variables this can be written ‘

2 1
O dy — 3.12
atfo @ dr = 0, ( )

with an error of O(E?%) arising from the neglect of the volume of fluid in the side-
wall boundary layers. In terms of the pressure field this condition is

1
QJ‘ r{p@—p®dr = 0. (3.13
ot}

30-2
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If (3.11) is integrated over the area of each fluid layer and (3.13) is used we find
that

doyjdt = —ky[w; + 3w, — 0y)), (3.140)
dwy[dt = — ky[w, + 3wy — w,)], (3.140)
1
where w,(t) = f rD2p, O dr = 20,9(1,1).
0

The application therefore of (3.13) to the equations of motion yields a pair of
ordinary differential equations for the decay of the average vorticity in each
layer, or, equivalently, for the decay of the circulation of the interior velocity at
r = 1. The spin up of the total vorticity in each layer is unaffected by baroclinic
processes. The baroclinic production of vorticity in each layer by vortex tube
stretching must on the average be zero to conserve the volume of each layer. The
baroclinicity may, however, yield important contributions to the vorticity
change locally.

In addition (3.14) allows us to compute v, at » = 1 for all £ and it provides a
convenient recasting of the boundary condition (3.13) since dp,@/or, on r = 1,
is now determined by the solution of (3.14).f

4. Spin up for the free surface system

Consider the particular case where the upper surface at z = H/r, is free. The
equations describing the decay of the O(1) motion are then

(0/08)[D2p{®+ ky F(ps® — p{®)] = — ki [§D*(p{® — pi?)], (4.1a)
(0[e)[D2pO + ko F(p{® — pf)] = — k[ D2p® + 4D p® — p®)],  (4.1d)

while the equations governing the evolution of the average vorticity, or the
interior rim velocity, are

dv®(1,8)/dt = — Lk, [0{® —v], (4.2a)
dv{O(1,t)/dt = — kP + (v —v )], (4.2b)
with the boundary and initial conditions
opOfor = 200 = 2r (t=0); (4.3a)
and opOfor = 20,0(1,4) (r = 1). (4.3b)

The boundary condition on p,® at r = 1is given in terms of the solutions of (4.2a)
and (4.2b). It is important to note before proceeding further the absolutely vital
role of the interface frictional coupling. In the absence of this frictional coupling
the right-hand side of (4¢.2a) would be zero, implying that in the absence of fric-
tional coupling the average vorticity of the upper layer of this free surface system
would not decay. In fact one would need to wait for viscous diffusion from the
side walls to destroy the average vorticity, which effect takes a much longer time.
(The effect of the side-wall diffusion is, in a spin-up time, still confined to a region
of O(E?) thick on the side wall.)

t Holton (1965) took p® = 0 on r = 1 as his boundary condition.
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The solutions of (4.2) which satisfy the conditions
v,91)=1 at t=0

are 2{0(1,1) = ! — )(aze 1t o %2t (4.4a)
v{(1,t) = ( 1 +—) ent—q (1 +2— 6“2‘) (4.40)
2 —04) ! ky '
where oy = (k + 3ky) + [f(ky + Bky)2 — ey ko )2,
oy = — }(ky + 3ky) — [y + 3kp)* — 3y oy 12

These results can then be used to construct the solutions to (4.1a) and (4.15).
The solution which satisfies (4.3a) and (4.3b) can be easily found, now that

op,0/or is known on r = 1, through the use of Laplace transforms and a Fourier—
Bessel expansion and is

pl(m(r:t) = [dzealt—aleazl](yﬂ_ %)

(ag—ay)
Jo(Ym?) [ a(ay+ky)etat
_ 8“ a F E 0N/ m 1\ 1
P2 a2t Vo (Vi) (L4 (g + Feo) (F[y2)] (o — ) (g — 81,) (01 — S
+ ooy + k) €12t S1m(S1m + kog) € E1mt
(g —0q) (g — S1m) (X2 = Sam)  (S1n,— 1) (S1m— %2) (S1rp — Sgm)
Szm(szm + kl) e+32'"t ]
+ , 4.5a
(Sam — ) (Som— %) (Sgm— S22 (4.50)
1 201, 2a
(0) — ayt agt .1
D) = 5= o (14772 et (1452 e 02— )
k, & oY) a,etal
+8a,0,F 2 % 0\ 7m [ L
12 ky mz1 Ymdo(¥m) 11+ (by + ko) B[ v2,] | (0 — 0%,) (1 — S1m) (%1 — Som)
+ ag etoast + 8§m etsimt
(0tg — &) (Ap = 813) (2 — S21)  (S1m— %1) (S1am — %a) (S10n,— S2m)
§2 etsamt ]
+ , 4,55
(o= 02) S — %2) (B — 52 (+59)

where
o = [§(ky + 3ky) + by ko F [ y7,]
e 2[1+ (ky + ko) F 73]
4 (§(ky+ 3ky) + Ky op By )2 — 2k o[ 1 + (Ry +- Ky F/?’n]"f
211 + (kg + ky) FlyE]

and
__[3(ky +3ky) + Ky ko Flyml
Sam = T TN o (g + Fog) PR
_ Gtk 8k + oy P73 P = 2 1+ (ke + k) P73
2[1+ (ks +k3) Fly7)

where v,, is the mth zero of Ji(y,,).
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5. Discussion of the layer system results

To simplify the discussion of the analytical results it is convenient to consider
the case when both layers are of equal thickness, i.e. ky = ky = k = 2ry/H. The
qualitative nature of the result is unchanged but the resulting algebraic simpli-
fications are considerable. In this case the decay rates a,, a, for the total vorticity

are simply oy = —k(1—1/J2) = —0-3F,
ay = —k(1+1/2) = — 17k,

1-4 T T T T T

! ) 1 . L
0 05 10 15 20 25 30
Kt

Ficure 2. The time history of the circumferential velocities in each layer at » = 1.
while the rim velocities »,(1, ¢) are

v{O(1,£) + 1-2¢-0% _ O~2e—1'7"‘,} (5.1)

v{(1,8) = 0503 4 0-5¢-17k,

and are shown in figure 2. The vorticity in the lower layer which is directly acted
upon by the frictional coupling to the lower surface spins out faster, leaving the
upper fluid rotating until the velocity differences across the interface become
large enough to frictionally couple the two layers and spin out the upper layer.
In the absence of baroclinic effects (F = 0) each layer would spin up as a solid
body with an angular velocity in each layer given by v,(1, ). The pressure field
would then be given by the first term in (4.5a) and (4.58), i.e. excluding the
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Ficurk 3a—d. For legend see next page.
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Fourier-Bessel sum. The effect of the baroclinicity, and the local departure from
this solid body spin, is given by the Fourier—Bessel series in (4.5a, b). For all non-
zero, finite values of ¥ the fluid in each layer will not spin up (or down) as a solid
body. The radial structure of the velocity field at five characteristic times is

kt = 3

J S UN [ B B B R A S B B
09 - .
08 [ .
06 - .
vl 04 — —
03 -
02 - -
0l =
0, 10
09— I
08 I~ -
06 -
05 - -
Vg 04 -
03 |- .
01 - .
=T 1 1 1 1 1
0 01020304050607080910

r

(e)

Ficure 3a—e. The structure of the circurnferential velocities in each layer. The straight
lines show the circumnferential velocities of a solid body rotation appropriate to the mean
vorticity in each layer. The curved lines, which depict the true velocity structure, display
the deviation from solid body rotation.

shown in figure 3 for a value of 2F' = 15. The departure from solid body rotation
is slight for small k¢ but increases and becomes significant as time goes on. In
fact, since it can easily be shown that

|s1m| < loa] < [3om] < Jocals

the slowest root is s,; and for very large times the velocity field will tend toward
the shape of the Bessel function J;(y,r). However, for most reasonable values of
F the velocity field is very small before this shape completely emerges. It is of
interest to investigate the limit as p,—p,, i.e. when the fluid becomes homo-
geneous.

Noting that

% 4 !]O(an) — (72—%),

a1 Yadon)
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it is easy to show in the limit F - oo that
v{0(r,t) = v0(r,t) = e~¥r,

which agrees with the result for a homogeneous fluid with a free surface.

The results presented here can be easily extended to a model with an arbi-
trarily large (but finite) number of immiscible fluid layers. It is important to note
in such cases that, if the interfacial frictional coupling is absent, the total vorticity
in any layer not adjacent to a horizontal rigid boundary would not reach the new
state of solid body rotation in a spin-up time. If the upper layer is bounded above
by a free surface, only the lowest layer of a multi-layer system would reach solid
body rotation within a spin-up time scale ro(vQ)~%. This result is of prime im-
portance in a discussion of the spin-up dynamics of a contained, continuously
stratified fluid.

If the upper bounding surface for the layer model is rigid then the O(1) motion
is described by (8.11a, b) rather than (4.1a, 5). In this case local baroclinic
effects appear only when the layers are of different thicknesses. Otherwise the
fluid spins up as if it were a homogeneous fluid. If the layers are of different
depths the spin up will initially proceed at different rates in each layer, producing
vertical shears across the fluid interfaces and introducing local baroclinic effects.
Nevertheless, the average vorticity in each layer spins up independently of the
local baroclinic effects and the technique of solution and the qualitative results
are the same as those presented for the free surface model.

6. The spin up of a continuously stratified fluid

One might expect that the results of the analysis of the layer models would be
applicable to the study of the continuously stratified model, especially if the
number of layers considered is large. A little reflexion indicates the difficulties
attendant on such an interpretation. The primary difficulty is that the continuous
model restricts the role of viscosity to boundary-layer regions adjacent only to
solid surfaces. The interfacial friction, which was seen to be vital in the layer
models, is absent unless the effect of viscosity permeates the entire fluid, which is
not plausible if £ < 1. The implication would then be that a thermally non-
conducting fluid (infinite Prandtl number) would not have its average angular
velocity readjusted to the container’s new speed until the much longer diffusion
time (¢ = O(E1)) obtained. Alternatively, this further suggests that the effect of
thermal diffusion may be crucial. This can be understood physically in the follow-
ing way. If the Prandtl number is small it will be very difficult for the fluid in the
side-wall boundary layers to cross the surfaces of constant ambient density and
hence it would be difficult to close the secondary flow required for spin up, unless
there is sufficient diffusion of density to break this constraint. We noted in the layer
model that the interface between two immiscible fluids acted as a rigid boundary
preventing fluid mixing. In the continuous model the only way this difficulty
can be overcome, as will be seen, is if the diffusion of density is important in the
side-wall boundary layers. This will require a new side-wall boundary layer which
is not present in the homogeneous or layer models.
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The equations of motion in the case of the continuously stratified incompress-
ible fluid are .
(¢afet)+a.Va+2kx q = - (Vpjp) +vVa gk,
V. q=090,
dpldt = «V?p,
which are substantially the same as in the layer case with the exception of the last
equation relating to the Lagrangian density change to the rate of density (or

temperature) diffusion. The diffusion coefficient is k. The velocity, position, and
time variables are non-dimensionalized as in §2 and the density and pressure are

written
p = po[l+0(z) +eFp,],
P = —pog2+eQPr3p, Dy,

where o(z) is the variable part of the ambient density field. The fluid will be
assumed to be Boussinesq and within this approximation the linearized equa-
tions describing the time-dependent motion of the fluid are

E}oqot)+ 2k x q = —Vp + EViq—lp, (6.1)
V.q=0, (6.2)
E¥oplot) —wS—1 = 6EV?p, (6.3)
where 8 = —Q%/(0c[0z)g = O(1), and & =«k/v.

Note that S (which will be considered a constant throughout) is positive for the
stably stratified fluids considered here. The parameter ¢ will be considered an
O(1) parameter with respect to Z.

As before the interior velocity, pressure (and now also density) will be found,
for F < 1, by a perturbation expansion

v=v04+Et04 .,
u=EuV+
w=Buwby (6.4)
p=pO+Eip +
p=pO+Etp + ...
Substitution of (6.4) into (6.1), (6.2) and (6.3) yields the zero-order relations

2p0)or = v,
(6.5)
op0)0z = — pO.
The O(K?*) equations, with a little manipulation, can be shown to yield
o({lo
2O ©
8t(8( )—28 ~ p) 0. (6.6)

This latter equation is the continuous analogue of (3.6). With the use of (6.5),
(6.6) may be written completely in terms of p©, i.e.

of1o [ &p®
alr o (15 + 4] =0 (6.7)
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The boundary conditions on z = 0, H/r, are
q=20 (6.8)
and some similar condition on the density; either
p=0 (6+9)
if the surfaces are held at constant temperature (density) or
k.Vp=o0 (6.10)
if the surfaces are insulated.

In either case it can be shown that the condition of dynamical consequence is
(6.8). This condition is again satisfied by the application of Ekman boundary
layers whose structure is, to this order, unchanged by the presence of stratifica-
tion. The condition that the boundary-layer analysis places on the interior low
is again

wh = ai; (7'7)(0)) on z=0, (611)

1
2

;;(rv(‘”) on z=Hr, (6.12)

BOf =

and wh = —

With the application of (6.5) and (6.3) these conditions can be written in terms
of the pressure as
32p(°) 1 ¢ ap(O)

it = s g OB 2T 0, (6.13a)
2p® 19 op®
ol 7o 5 OO0 2= Hlr,. (6.13b)

These equations provide the necessary boundary conditions for (6.7) on the
horizontal boundary surfaces. The conditions (6.9) or (6.10) can be satisfied
through the application of a boundary layer of thickness %, This boundary layer
is essentially a layer produced by the diffusion of temperature or density into the
interior within a spin up time. It does not dynamically affect the interior motion
and will not be discussed further.

To proceed, some condition on p® must be set on = 1. First note the following.
If the Prandtl number is infinite (6 = 0) and diffusion of density neglected from
the beginning, the condition of mass conservation (or an integral statement of
(5.2)) would imply that for any 0 < z < H|r,,

1
f rwdr = Q

0

and therefore, through the application of (6.3), that
o 1 d
a—tfopr r = 0. (6.14)

If the density perturbation in any side-wall layer is assumed less than O(E-1),
then the density in (6.14) can be replaced by p®. (The restriction that p is less
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than O(E-?) is certainly plausible; the reason for the restriction will become clear
below.) In that event (6.14) applied to (6.6) yields

orv®ot=0 on r=1, (6.15)

which states that the average vorticity at any z (or the circulation on a contour
r = 1) is not dissipated within a spin up time. This result is surprising but con-
sistent with the physical reasoning given in the beginning of this section. To
remove this difficulty it is necessary to consider the side wall boundary layers in
detail with the refention of the density diffusion (8 % 0).

It is found that the boundary-layer structure that emerges on the side walls
has a different character than that present in the homogeneous case. An Et layer
still exists but in an altered form. Let the dependent variables in this layer be

expressed as v =002, )+ B2 o0+ .+ V(y,2,8)+ ...,
w= E*uOr,2,0)+ ... +EU(y,2,0)+ ...,
w = BiwO(r,z,8)+ ..., (6.16)
p=pO®r,z,t) + EtpO+ ... + Bx0(y,2,t)+ ...,
p = pOr,z,8) + Bt pO(r,2,8) + E1 P(1,2,t),
where 7= (1-r)E-t
If (6.16) is substituted into (6.1), (6.2) and (6.3) and the limit £ — 0 for fixed 7 is

taken, the resulting equations yield

V=Y, (6.17)

which is a diffusion equation for V. The solution can be used to satisfy the no
slip condition on the circumferential velocity at r = 1. It places no condition on
the interior flow and will not be considered further.

It is still necessary to satisfy the no slip condition on % and w. In addition con-
ditions on the density must be specified on » = 1. If the side wall is held at a fixed

temperature, p=0 on r=1; (6.18)
while if the side walls are insulated
oplor=0 on r=1. (6.19)

In the homogeneous and layer problems, the remaining velocity fields are brought
to rest within an inner layer whose thickness is O(E*). No such layer exists for the
continuously stratified system governed by (6.1), (6.2) and (6.3).
If (6.18) is the condition given on the density at » = 1, then the remaining
boundary conditions are satisfied within a layer of order E*.+
Let the dependent variables within this layer be expressed as
v =00(r,z,t)+ V(y,2,t)+ BV (z,2,t) + ...,
u = B¥uO(r,2,t) + Uz, 2,t) + ...,
w = Wz, 2,0+ ..., (6.20)
p=0[x,z,t)+ ... +p%r, 2, )+ ...,
p =pOr,z, )+ EXP(y,2,8)+ ...,
where z=(1-r)E-2

t It is for this reason that the condition p < O(¥~*%) was required to derive (6.15).
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The dots in (6.20) refer to terms of higher order in £ which are not important for
this discussion. All the s subscripted variables are chosen such that
lim ( ), =0.
>0
If (6.20) is substituted into (6.1), (6.2) and (6.3) the following equations obtain in
the limit £ — 0, for fixed =,
2U, = 82,/ oa?, (6.21)
oU,|ox = W, [0z, (6.22)
6, = 02W,/oa?, (6.23)
— W, = 88(820,/o0x?). (6.24)

It is interesting to note that the variables 6, and W, play the same role in this
thermal side-wall boundary layer that the two components of horizontal velocity
play in the Ekman layers which exist on the horizontal bounding surfaces. The
relevant solutions, which possess the characteristic Ekman spiral behaviour, are

0, = e=IF{A(2,t) cos (z/B) + B(z, t)sin (z/f)}, (6.25)
W, = —$p2e=IF{A sin (z/f) — B cos (x/f)}, (6.26)
2 e in® oot B in e
U, = 1° {az sm/),+cosﬁ +2 sml—g cosﬁ]}, (6.27)
where B = J2(88)%.
The boundary conditions to be satisfied on x = 0 are
W, = 0, (6.28a)
O,+p® =0, (6.28b)
U, +u® = 0. (6.28¢)
The application of (6.28a) yields
B(z) = 0,

while (6.28b) and (6.28¢) along with (6.5) and the interior O(#%) equations which
lead to (6.6), in turn yield the conditions

A(z) = 9p0/oz,
BPod]oz) = o*pO|ateor,
which combine to yield as a condition on the interior lowat r = 1
*pO|otor = [3(0%p0[022). (6.29)

It is interesting to note the similarity in structure of the side wall condition
(6.29) with the conditions (6.13a,b) set by the Ekman layers at z = 0, H/r,. If
the thermal diffusion is ignored (& = 0) then £ = 0, and (6.29) implies that

0v90t=0 on r=1,

i.e. that the total vorticity at each level (or the circulation at r = 1) is time
independent on a spin up time scale. Only the retention of the thermal diffusion
process allows the mean vorticity to adjust to the new container’s angular velo-
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city. The interior problem which consists of (6.7), the boundary conditions
(6.13a, b) and (6.29), and the initial condition

is in general formidable. Nevertheless, a particularly simple solution can be
found in the special case when

3 = 48ry/H.
In that case the solution is

PO = (12— [z~ (H[2r) 28} e (6.30)

The initial state spins out as a solid body in the time required for a homogeneous
fluid to do the same, with however an alteration of the density field which in-
creases the static stability of the fluid slightly. This is undoubtedly a very special
solution which illustrates dramatically the essential differences between the
layered and continuously stratified fluid problems.

The essential difference between the continuously stratified and the layered,
or homogeneous fluids is that the former depends strongly on the ability of the
fluid to diffuse density sufficiently rapidly to allow the vertical flux of fluid in the
side-wall layers to close the secondary meridional low. When this is not possible,
as in the infinite Prandtl number case (& = 0), the fluid must wait for viscous
diffusion from the side walls to slowly work its way into the interior. More striking
is the example of insulated side walls, where the boundary condition (6.19)
applies. The same O(E%) boundary layer obtains, but the inability of the fluid to
diffuse temperature (density) through the side walls is now reflected in the fact
that 6, and W, = O(E?) so that the secondary circulation is not closed in this
layer. The application of (6.28¢), then further implies (since U; = O(E)) that

a—at?gri» =0 on r=1,
8o that for the insulated fluid (p, = 0 on r = 1) the inviscid circulation for all
0O(1) Prandtl numbers is preserved in a spin up time scale, and viscous side-wall
diffusion must be invoked. This suggests a rescaling of the time. Let the time be
scaled tdimenslonal = Q1B
This scaling assumes that dissipative processes, rather than Ekman layer suction
are important in the fluid interior. The resulting dynamical equations become

E(oq/ot) + 2k x q = — Vp+ EViq—pk, (6.31)
V.q =0, (6.32)
E(9p|ot)— w8~ = 6EV3p. (6.33)

If q and p are expanded in powers of £ we obtain
209 = — 9p©/or, (6.34)
PO = —opoz, (6.35)
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so that the O(1) variables are still hydrostatic and geostrophic. However, a con-
sideration of the O(}) equations yields an equation for p@,

: {Dz © 4 48 32p(0)} {Dz + : {Dz ©) 4 dx S a;p:)): s (6.36)
which states that the rate of change of the interior potential vorticity is due to
the effects of diffusion in the interior by viscosity and heat conduction. The solution
for the insulated spin up problem which satisfies (6.36) and the conditions:

op9lor=0 on r=1;
?*pOfozor =0 on r=1;
op®for=0 on z=0,1;
P?p®(0z2=0 on 2z=0,1;
pO®for =2r for t=0;

can be shown to be

O 33 _[2a?+y*m) (ym2a® 4 y2caS) V] |
P m§1 'n,§1 Amn {GXP [ (n2ﬂ2 + 48;),%) ¢)sin "zJo(YmT),
(6.37)
S1—(=11]
where = )
and JO(Yn) = 0'

Thus, according to the linear theory in the insulated problem there are no O(1)
Elkman layers and no side-wall boundary layers ; the interior ‘spins up’ by a strictly
diffusive process in a time scale O(E1). The continuously stratified fluid, when
insulated, then behaves in a dramatically different manner than the homogeneous
fluid. The secondary circulations are so inhibited by the circulation that no Ekman
layer suction is possible.

Similar problems involving continuous stratification are being studied further.
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